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Tuesday, February 6, 2018 6:24 PM SaOOd Al-MaI'ZOOqi

QUESTION 1. (i) Let n,m be distinct prime positive integers. Convince me that there exist ¢j,c2 € Z such that
2018 = necy + mc; (direct proof)

(i) Let m,a,b € Z. Assume that m | a and m | b. Convince me that for every integers iy, i2, we have m | (ai; + biz).
(i.e., show that ai; + bip = mk for some k € Z). (direct proof)

i) l‘ h,m ot Pﬁhc U\as L"“ '(.‘l"“’“:l nd "‘“V) od g o
“-u. ’J(h, h\‘: /,\, : TINS, 'u“-'t e a'waj a‘,d,.éz

&

wluc ’l = n oa + h a - 1“ wc nu"if'j Lo'l ¢¢les wll,

(L°\$: we 9:‘ 109 - ’ld'la, I = 7%42 h . we 9', €,z B,

Ou\l! ¢, : Ton ﬂ,i“us r(w‘uj 20\5:: (G » 4 ( bk




il)'i'[ n,A, "\n Hese i 3 n‘éz uel‘L'l'
n v R. Sowu w'-‘“'b"" ", :L_
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[
m

Il A

J )ta\ (“’\ ’ :c)

e b <k
[ )

(2

+ i’ n = k s "luc ﬂ_ b’ [ Aha-";p'c

.‘a."'.‘zl"hk

(iii) Let x,y be rational numbers. Prove that = + y is rational (i.e., show that = + y = ¢/d for some integers ¢ € Z and
deZ")



"( 'X,’ Ve W ‘"" u’“t hui" k h ,"’t A«,t\, é 2 {wl\ "u

« ,jz Ny,

J. dy

( -l'_g A’u+¢LL

TL‘ TV | [uk“‘s J .""9"‘ M\' be "-\c,us a$ w“: ‘“\v&,

é‘\ by & “1 ) =,3, '(ot (one L,Aé?

Ly

(iv) Assume 31 = ac; + be; and ged(a, b) # 1. Find ged(a, b) (of course a, bin N* and ¢;,¢; € Z).

We s Mu, -lbt,:u,la,\)),uéz



Gee B w a peine bt o) ,u\(u lv)!‘ 1,-"»
Mo, V)= ) wos | (bease 3 ead Ilodd
0‘ ) lw ’d"m ia‘r’u ‘ﬂrJ 1 od 3\)

(v) Convince me that 1963.20182017 is a rational number.

‘4«" X = ' "3'20‘ &;T?

Y x — pw20%0
- 196320

Weso0st - MM

ﬂ*_\’_@___’z'_b_"‘_’:_&ﬁzzz

9990 000



(vi) (optional) Choose a number n € N*. Convince me that there there is a positive integer k£ such that k, k + 1,k +
2,k + 3, ...,k + n are non-prime integers [If this is not beautiful, in my opinion "beauty" has no meaning!!... This
result tells you choose n = 2889898765432190. Then there must exist a number k, so that the next n-consecutive
numbers are not prime numbers. Remind me on Thursday to do this question in CLASS)
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Let a be an odd number. Show a® s odd humber,

Lt a be an even integer. Show a* is even. integer. .

Show . {12 irratienal. (Hint: iSclate -he prime)..

is

Show that  JU5  is irrahonal. (Hint: See queshion _above).
(Try 1o use methed 1), . | | ]

. True or false. 1f false, give counter example. . .f
o] ¢ ]

Soluons: [Z1 Let a= 2m41, mEZ. L .
1T i1l q‘-=(2m+1)2 57 I (0 O . U W3 . K T
Lm® + 4m T 1 4 .
2(2m‘+2m)+ 11

Shaw | J15 irﬁﬁoml 4

is

—

(6] Tyrgtional + {rraticnal =

[Z]
=]
=]
Y
=1
£}

irratienal

" 1]

et

Hence,

2m? +2m = K,

1 =

iz 2k+ 1

n €2.

kEZ

= odd..
Square of an odd numbper IS always odd.

[2] ler a= 2n , - !

- (2n)® = 4n* = 2(2n%). |

et 2n2 =W , w E€Z

Hence, a*= 2w = even. , :
Square of an even number ig. alyways even. .

31 4 J‘i = Jp.»z»ts = 203 ) . W
Deny, Say 2.J'_ s a ratonal numbcr | . y 3
Hence, 213 = & , OQ€EZE, 3!:62

b
dsi = o,
] 2b
Squar but ¥v3 has bccn €sl-abh.shcal as On \rmhowq( mrnber
irrational F 4« ratomal, (cowtradichon).
Hence 203 ie JT2 is, an Nnumieer,

irrational
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O] JH5 ¢ d553E - a5
DPeny . Say S.B is rhonal.
als - abEZ, b#0

{ ~

BER

a
";; )
b
3b.

but‘{ JE s an irrmh'oral numeer. -
Lifmational § rational. (Centradichion)
Hence | 8 /S ¢ JHS is an irmtioral numben

=] Dc'hy, Su;y JI5  is -irvediowed: mtional.

J15= a_  , a,b €Z,6 bt0
b

Square both Sidest . 45 = 2

b:.

A

We have established that a o6nd b are odd numbers.
So let aa= 2m+ 1 . m&E
b- 2kt1 ’Kea
15 (4k* r4k +1) =  Hm’ + bm+
Gok? + Lok +15 = Um® + bim + 1
2 Cok* + 60k + 14 = Hm* + Um,
Divide by Y =2 {5k* + i5k +__1ij__ = m2 +m

-— L
hot in+e3 er ! 'rr‘rheg er
as '-i‘f~ 14

Hence 15K> t1Sk+ 2 # mi+m

P we  6ame Conclude 415 is vot rational , Ire irmtiemal. |

[E1  ZIrrational + irmational = iead irrotional IS folse.

Courter exampe 3 (N2 +1) +(—~/Z) = 1, Tle{ 1“6257

|
! '
S e CHU— I WS SES——

i
[ SRS S—
| { §
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Homework questions :

(X1 Let n =gy
i+ Find all factors of 8Y.
ans : Y

42

28

21

1y

2l

o Fwuph—

ii-l. Say d1, dy, - dc  ore all factors of n. Find q)(d,') for each | £i<K,
ongi | d, =1 d2 =2 ds = dy = 4= 2%
b)) =1. ) =1 d(3) =2 d(22) = 2,

ds =6 = 3x2 de = 7 ds =12 = 2" x3 dg = {4 = Fx2.
_p(3x2) =2 P(F)=6  Pldv) =4 dly) = €
| da= 21= 753 dic=28=2"x3 dy = 42 = 2.x2] diz = 8y
b(21) = 12 b (28)F 12 b(u2)=pl21)=12  Pldiz)= 24
fii. Find | G (d) * dldad * ...+ (dk)
lans: I+l +2+2 +2+46+t 4 t 6+ 12 +12 12 +24
| | = 84 =n

i Let F=3 Isa<88 | ged (a,88) =11 5. Finad [FI.
lans: n=88, k =11.

[ Ther, | £ = q:(.“k—) = b (52) = p(a) = 4.

@t Find Vl?‘q'rmc;d.‘-“- JUSﬁ;f\] your answer. (n0+e That CP(HI):HO-) So qu:j in
| planet Ziyi. Multiply, both sides with 13, we ger 3% =13 in Zy,.

i+, Giive me some meaning Fo (i).
‘ans. 437" =13 in Fouf || i ,
__This also means that | 13 = 13 (mod Y1)
‘and also | - )| l 13" - |3 e W is afador of 137 -13
orjeven! | | | i |13 = cll-ll +13 for Some QlEP

-~ i o EEERAEE § T ——— s
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W Agsume that ged (a,\s) =1. Convince me that &t (med 16) = = (mod 15 )
ansy  aQssume  Nh+= 15,

then @n) = 8

By Euler - Fermat Result, o (mod 15) =1 , for any a € N*

23 B+w+8+ 3 A\t
a t+

now , ol | =
= of. of. af g?

a*? (mod 9yl = afafafal (mod 15 )
Recall Xy (nodn) = x (mod n):y (mod n)

Hence a*? (mod 15) = of (mod 15) - a® (mod 15 )+ a¥ (ved 15)- a° (mod 15)
= 1x1x1 x a3 (mod 15)
a*?* (mod 15) = @} (mod 15)

V. Convince me that 2'%° (meod 15) = 2., (note that ®(15)=8
ond 165 = Xx20 +5 and gcd (2,58)=1)
ans : let a=2 and n=15,
ged (2415)=1. and ¢(S) =8
So by Euler - Fermat result, 2% =4 (mod 15)

- OR2
, 2155 L 28)‘202:, ' .

2% (med I5) 28%%° (mod 15) - 2° (mod 15)
| x 25 (mod 15)

=

now
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1's followed by 2 consecutive 0's and soon (i.e.,11001100),

Sionell Tom
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2.Use the truth table to convince me that S14-~52 = ~(~51V52) [note =S is called the negation of S (so

if Sis T (1), then the negatiop of S w;ritten -SisF(0) SR . i
505, |51 ] 5. | SiIAT| 595, | HV%
L |1 o | © < R ,‘ © |
| ‘ |
10| O] ‘ o /' |
’ |
plif1]® G f s |
(
olo| 1] o / =
| 5 L SN . Ll

"FTOW\ M %vu% ol we can see H/‘Ml'
5, Ay =05, V)

Let A={0, {0, y}, v, {6}, 6, x, d}, B = {{0}, {d}, {6}, {6, x}, 6, v, 23, 10, {{0}, {6, x}}}. Then Write T or F

a. {0}, {6,x}}€B. T

b. {{0), {6, x}} € B. |~

c{d}eA T

di{ppes T

e.{pjcB F

fiplcA T

ghpeA T

h.{23,10,y}eB F

i.{23,10,y}cB T

j6leans |

k{s}cAnB |

1.(10,x) eAxB T

m.{({0, v}, 6).(v, {ON} c AxB. T~

nFindAnB =9 9,563, b

o.FindB-A. = 25_01 ,i(fjg ’%(:, ’L‘S, 15,10, {\(1075;%"“3%

p. Find |A xB|. (i.e., find the cardinality of the cartesian product A x B)
led r\c-df\ elomen) Fa=n= 7
lot Hu.t;i; eloment n b = m = Y

\A x| = mn =927 2_61



(] G) Let £:(0, 2) = (6,41 st fo)=o05x. H Is f a function? Is it 1-41 P 1s it

onto P Explain  briefly. \
i

ans - 1 f is a funchion. I¥is 1-1 be Cvery value in the
o co- domain is mapped back, T €xactly one Element in the

domain. # s omm domain
[ a

Not ONTO since 1 in the range but 2not in the domain
D ler Fr (-4,8) —> (0,3) St foo=]x*1 . is £ a fancrion? is if injective € is #
Surjective > ExplanCommon mistake sqrt{9} =3 /not 3 or -3 !, so graph only upper half

ans. f is nob a Afuncrion bc for values X '4"1 , there s
3 / ho corresponding value in the codomain (X < —1 has ne v

R image ) . And the €lements in the domain maps fo rmore than é

4 w one element in the codomain ( one to marry)

W) Let £:(0,8) = (a b) st F0) =Jx+1 . Find ab so that F is bijective. Then find
domain and hamge  of £7'. Write down the eq' of 7.

. ;
Homework ! Taneem Batool \ 1
"
}
I
L
A
!
l
|
|
1
|
|

Yy "y

-

\

ans in order for f 1o be bijeere bijective a=21 and
3o o _
1/ b=13.
° 38 domain of f"=(i,5).

range of f'=1(0,8).

7' x=]y+4

x*-4 =y

v
v
.
< (x) = x*-1 : |
¢
) Ler £+ A CH,p) —>(a,4) st Flx)=x*. find a,b sothat £ is bijccive - Then find the s ]
1 cdomain and range of f7'. Write down the eqn for {7\ -
| &
r ans = ]
. & I
! "‘.t*zoz'-f ) % ‘ 5”'
.Té make f bijective, a =le, b=-2 <
| | | S ¢
- ‘,4 L  R— I S N — IR .
L ! Lrb ! 4 -3 -2 &
Domain of £ (16,4) | “
Range of f7' : (L4, -2) | | 3
|  SLILY G
| HETRY 15 dui S0 N N N O A -
4 i ,,..‘-Y=JX g4 S A SO B _
- =] = | 1 | -
SEORECNRE T NENEEERNREN
L T T T T T T T e e
T T T EEEEEEEREREE ]
! | ' ; f T T T T 1 5-
] 1 -8
y a1 { e T i -
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> 11 2 34563F st

v) Ler £ {1 2 «145(. 7
4; CFuy=5, Hs)= 6, f(e)=F and flH)=3

f(1) =2 | f(2) = , F(3)-

re ¥ == [1 2 3 4 s 6 4
VA N A T 2

2 4 4 5 € 7 3

Find f* and 7. Wite §f as a compostion of disjoint cycles, then find the smaliesk
possible integer N> 1 st f" < I

ans: f as disjoint cycles : (I 2)(345 ¢ 7)

2 1 5 3 3 4 This is the range of f*2 =f o f, so "2(1) =1,
L ‘ ‘ 72(2)=3,...12(7)=4

This 1s the range of f*3 =fo f0 f, so
n= LCM (2' 5) = 410 . Hence {_‘I‘O =T f/\3(1) = 29 ceey f/\3(7) = 5

§3 = 2 14 € 3 3 H ¥
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Tasmeem Batool
Home work 10

[E) convince me that |RI = [(-4,47]
ans ¢ first  show ©5ee [(—o0,0]| =|R]

2 .

f: Foo,0) >R
fx) = In(-x) \

is bijective

\ 4

o+ [(=e0,0)| = |R]

| (- o0, 0) U{o}|:|(—ao,oj|
[-20]| =|(-2,0)] = IR
So |(=o0,0]| =|R| y

second © Show | (=0, 07| = |4, 1]| - 17

g: (keo, 01— (-4,41] J
gtx) = 5e* -4 e e me e

2 J Yo

is bijective

v

. | (=o0, 00| = [(-4,147] and |(-o=001] =[R|
tence. |R| =[(-4,47]

Since R i$ uncountable , 4,41 is also uncountable
i Cohvince me that |(10,3)] = 6-6e-((0, 0-0025)].
ans: first :  Show [(0,)| = l(—io,3)| ,‘\

f:d(o,0)3 —>(—-10,3)
fx) = —13€™ +3

N

IS bijecHve -18 |

|(0,0)| = I(-40,3) |

Second : Show [(0,0051 =1(0, 00002501 _J___________ 4. pooes

9 (0,0)—> (0,0:0025)
g(x) = - 00025 +0D-0025

A
v

is bijective

[ (0,0)] = I(0,0:00250] and |(0,® | =1(-10,3)]
Hence | (40,301 = | (0, 0:00285) ]

i) Is the se+ A = (0,0-000033)N ® finite or infinite. Is A epuntable?
. ans. . | .
. Since between any two rational numbers there are infinitely many

L B -~ rrational numbers; we conclude that A is infinite. Now A is a subset
- "of Q. A'subset of a countable set is countable (logical...if you can
“= "count the numbers in Q, then we must be able to count any
'subset of Q). Hence |A| =|N|
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HOMEWORK 13

Assume Sl-aang from A .

)
o S R Al O PO S G I

O .

S, —

use Dijkstra's algorithm o find the mrinimum

Spanning tee

< : S SRS M O S S 4
wl _ | 1 ]
L. W L W S (-

! s
{ _ }

o S S — }
R ¥ | - |
oy S i ‘
I ¥}
i | i t
— I
e 3 f
i (.
l.gﬁlrn Y S 3
1 | H |
! t b
_ o bt
- o = S > ] [oriid RS P } 1 i i
1 1 ' ) '
|| FTEANS
= o
| gy 1 W B T
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¢ }— R et S t T }
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TN Vv e mvy U -y = 20
S/ 7 Y 1

% Vol SVE TV o TN oV 128
©<> Vi=Vy =Vg=Vy=Vs Ve =V

Sherest pafh: Vi=Va=Vi -\, ~Vs -\, =V

33

Ne eodd Cycles . qraph is bi partite

Ad] vy Ve

5

2 vy e

Diameter of graph: 2

Giirth = L4
Eemove V,—Vi L‘dqe
vy v, d(Vl'Vz.j = | dlvy, vy =) divyaVs) = 2
= =2
(v »vzd= 2 d (v v, = d(‘-"glvh):
dlwv, >V ) =1 dfV2,vsd) s 3 G ”
Y Vid(v,,vs)= 2 dva Ve d= 2 ddiv-llvsi"
dlVisves = | Moyl Yo,
. ANy dlvs, Ve =

Vo Wy
diameter = 3

@;Hf‘f: 3,3, 3, 3

s’= 3, 3, 2, 2

[
@, w14, 4,4, 2,2, L-

” 7 2
€'=@3,3,3,3,1,1,1 4T R

=(3)3,3,3, 2,2

r” 8
= @Y, 2y 1, 1y 1 8= @) 4
<Y LT, 1,01, 1 1 . (<, 2, 2, 2, 2
s« 0,1,1,1,9 g7 11, 2,2
: = )
=@1, 1, 0 =Ry,
$%= o, 1, 0 s*= 1,0, 1
;(‘;,O,D =, 1, @
€ &0
s APo = 6,0
Not  graphical.
X x
Yes,

3,4

- —

Yes, #is graph can be
Consfructed at |k
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